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Abstract. Projective invariance is a symmetry of the Palatini version of General
Relativity which is not present in the metric formulation. The fact that the Riemann
tensor changes nontrivially under projective transformations implies that, unlike in the
usual metric approach, in the Palatini formulation this tensor is subject to a gauge
freedom and, as a consequence, its associated Kretschmann scalar cannot be regarded
as an intrinsic physical observable. In this sense, we show that for the Schwarzschild
solution there exists a projective gauge in which the Kretschmann scalar vanishes
everywhere. This puts forward that the metric divergence at r = 0 does not necessarily
imply a curvature pathology since it can be gauged away without altering the form of
the metric.
1. Introduction
It is a widely accepted fact that General Relativity (GR) can be seen as an effective
theory which will be superseded by a possibly quantum version when the curvature
reaches the Planck scale. This is well illustrated by the Schwarzschild space-time,
ds2 = −
(
1− 2M
r
)
dt2 +
1(
1− 2M
r
)dr2 + r2(dθ2 + sin2 θ dφ2) , (1)
which is the spherically symmetric solution of the vacuum Einstein equations, Gµν = 0
with total mass M . Some components of this line element diverges at r = 2M and at
r = 0. Unveiling the nature of these divergences was crucial to fully understand the
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physics of black holes. In this sense, since GR is a diffeomorphism invariant theory, one
can choose new coordinates (for instance, Eddington-Finkelstein) such that the metric
singularity at r = 2M turns out to be avoidable. The r = 0 divergence, on the contrary,
cannot be removed by coordinate transformations because the coordinate-independent
Kretschmann scalar explodes there as K ∼ M2/r6. This argument is generally used to
conclude that a Schwarzschild black hole has a genuine curvature singularity at r = 0
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. The unbounded curvature suggests that classical GR
should break down when K ∼ 1/l4P (where lP ≡
√
~G/c3 is Planck’s length), where
the quantum gravitational degrees of freedom are expected to play a non-negligible role.
The Schwarzschild solution, therefore, encapsulates the beginning and the end of GR, in
the sense that it illustrates both the novelties of the theory and its physical limitations.
Given the importance of the physical limitations of the theory already raised by
the Schwarzschild solution, it is worth considering if different realizations of GR are
also affected by the same problems, since this could help envision new ways to tackle
the quantum gravity issue. Among the various possibilities, the Palatini formulation
can be regarded as the most natural one as, in fact, it has served as the starting point
for several important developments such as the ADM formulation [11], supergravity [2],
Deser’s completion of a diffeomorphism invariant massless spin two theory from flat to
curved space-time [12], etc. Moreover, it is conceptually closer to the Einstein-Hilbert
formulation than the teleparallel approaches (based on torsion or non-metricity with
vanishing Riemann [13]), which facilitates the qualitative and quantitative comparison
with respect to the standard framework.
The main aim of this work is thus to emphasize the geometric inequivalence between
the metric and the Palatini formulations of GR which, in our opinion, has received
little attention in the literature despite its deep implications for our understanding and
interpretation of gravitational phenomena.
2. Test particles, projective invariance, and the Palatini formulation of GR
Rooted on the equivalence principle, whose experimental status still enjoys very good
health (see e.g. [14]), test particle paths in GR are determined by the geodesic equation,
which in an arbitrary parametrization λ takes the form
d2xµ
dλ2
+ Γµαβ
dxα
dλ
dxβ
dλ
= f(λ)
dxµ
dλ
. (2)
where Γµαβ are the components of the connection. An affine parametrization τ(λ) is the
case in which the right-hand side vanishes and, in general, it can be found by solving
f(λ) = τλλ/τλ, with τλ = dτ/dλ, which turns the above equation into
d2xµ
dτ 2
+ Γµαβ
dxα
dτ
dxβ
dτ
= 0 . (3)
In the affine parametrization we can say that the fictitious force term on the right-
hand side of (2) has vanished. Obviously, physical paths are independent of the
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parametrization chosen in much the same way as curvature scalars are independent
of the coordinates chosen.
Though the affine parametrization may seem to split clocks in two classes, namely,
those for which the right-hand side of (2) vanishes and those for which it does not, this is
not quite so. In fact, when the paths in a given parametrization are known, it is always
possible to find a one-form ξ ≡ ξαdxα, whose components satisfy ξα dxαdλ = −f(λ), such
that λ becomes the affine parameter of a new connection
Γ˜µαβ = Γ
µ
αβ + ξαδ
µ
β , (4)
whose paths, obviously, coincide with those of the original Γµαβ . In terms of Γ˜
µ
αβ, Eq.(2)
turns into
d2xµ
dλ2
+ Γ˜µαβ
dxα
dλ
dxβ
dλ
= 0 . (5)
This shows that free particle paths are not uniquely associated to the connection Γµαβ but
to a family of connections Γ˜µαβ related to the original one via the so-called projective
transformations (4) [15, 16]. Indeed, given the form of the geodesic equation, this
family of connections is simply another manifestation of the freedom we have in the
parametrization of a given path.
Besides leaving invariant the paths followed by test particles, projective
transformations are also a symmetry of the Einstein-Palatini action
SEP =
1
16piG
∫
d4x
√−ggµνRµν(Γ) . (6)
To see this, we first note that the Riemann curvature tensor is mathematically defined in
terms of a connection Γανµ, a priori independent of gµν , as R
α
µβν(Γ) ≡ ∂βΓανµ − ∂νΓαβµ +
ΓαβλΓ
λ
νµ − ΓανλΓλβµ. From a field theory perspective, Rαµβν(Γ) can be seen as the field
strength of Γανµ, and under the projective transformations (4) it changes as
Rαµβν(Γ˜) = R
α
µβν(Γ) + δ
α
µFβν , (7)
where Fµν ≡ ∂µξν − ∂νξµ is the field strength of ξµ. Since (6) only depends on the
contraction of the metric with the Ricci tensor, Rµν(Γ˜) ≡ Rαµαν(Γ˜) = Rµν(Γ)+Fµν , the
antisymmetry of Fµν guarantees the invariance of (6) under projective transformations:
gµνRµν(Γ˜) = g
µνRµν(Γ). This shows the unphysical (gauge) character of ξµ, which
neither affects the space-time metric equations/solutions nor test particle trajectories.
Note, in this sense, that only the symmetric part of the Ricci tensor enters in the Einstein
tensor, which implies that Gµν(Γ˜) = Gµν(Γ).
We now recall that in the metric (or Einstein-Hilbert) formulation of GR, the metric
is the only geometric field. The Palatini formulation, on the contrary, considers metric
and connection as equally fundamental and a priori logically independent geometric
entities, in such a way that the form of the connection follows from solving the
connection equation upon independent variations of the metric and the connection.
The introduction of the affine connection as a fundamental field allows to enhance the
symmetries of the theory from diffeomorphism symmetry alone to diffeomorphism plus
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projective symmetries. Thus, we can see metric GR as a particular case of the Palatini
version in which projective symmetry is explicitly broken by a Lagrange multiplier that
fixes the affine connection to be the Levi-Civita connection of the metric. Though these
two formulations satisfy the same Einstein equations‡, the different symmetry properties
that they possess turns out to be crucial for their underlying geometric interpretation,
as we will see next.
3. Projective transformations and curvature invariants
From the transformation law (7), one readily sees that the Krestchmann scalar, K ≡
RαβµνRα
βµν , is not invariant under projective transformations. In fact, it changes as
K(Γ˜) = K(Γ) + 4FµνF
µν . (8)
In light of this, one can consider the Schwarzschild solution (1), for which K(Γ) = 48M
2
r6
,
and take, for instance, ξµ = (φ(r), 0, 0, 0) with φ(r) = ±
√
3/2M/r2 to find a physically
equivalent description, with the same metric and the same geodesic paths, but in
which K(Γ˜) identically vanishes everywhere. From a physical perspective, given the
symmetries of the action (6), the choice of projective gauge should be as irrelevant as
the specific set of coordinates chosen to write the line element because the action and
the field equations of the theory are invariant under arbitrary transformations of both of
them. There is nothing in the Palatini version of the theory that singles out the purely
metric gauge ξµ = 0 over the others, as there is no preferred choice of coordinates to
write the line element. Therefore, in the Palatini formulation of GR, the curvature
singularity of the Schwarzschild solution at r = 0 is an artifact that can be avoided by
changing the projective gauge from ξµ = 0 to ξµ = (±
√
3/2M/r2, 0, 0, 0).
Related to this, note that curing the Kretschmann by shifting from Γµαβ to Γ˜
µ
αβ
induces divergences in the antisymmetric part of the corresponding Ricci tensor which,
as shown above, lies in an unobservable (pure gauge) sector of the theory. The same
applies to the associated torsion and non-metricity tensors induced by the projective
transformation.
Though in the geometry described by (6) there exist curvature tensors and scalars
(under diffeomorphisms) which are subject to a projective gauge freedom, in nonvacuum
space-times curvature divergences associated to the Ricci and (symmetric) Ricci-squared
scalars may arise. The insensitivity of such quantities to the projective modes is
related to the fact that minimally-coupled matter fields are projectively invariant as
well. This puts forward the different nature of such divergences (as compared to those
of the Riemann tensor), which claims for a different approach for their regularization
and/or interpretation. In the case of electrically charged black holes, for instance, the
(symmetric) Ricci-squared scalarRµνR
µν diverges as∼ q4/r8 if Maxwell electrodynamics
‡ Strictly speaking this is only true in vacuum or when minimally coupled to bosonic matter fields. For
fermions, the connection picks up a projectively-invariant torsional term, but that contribution will be
irrelevant for the purposes of this work, as it is mainly focused on the vacuum Schwarzschild solution.
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is assumed. This divergence is inherited from the matter stress-energy tensor, which
diverges as ∼ q2/r4 and, therefore, has infinite total energy. If nonlinear matter effects
are considered, such as in Born-Infeld electrodynamics [18], the stress-energy divergence
is weaker, ∼ 1/r2, which regularizes the total energy of the field but, nonetheless,
generates a curvature divergence RµνR
µν ∼ 1/r4. Whether or not this curvature
divergence should be interpreted as a pathological geometric effect, despite describing a
matter sector with bounded total energy, is a question that should be further explored
[19].
At the semiclassical level in four space-time dimensions, projective invariance is still
a symmetry of the one-loop effective action. The need to introduce quadratic curvature
counterterms that involve the Riemann tensor [20, 21] does not spoil the symmetry
because, since the Gauss-Bonnet term is projectively invariant [22], the Kretschmann
scalar can be eliminated in favour of other projectively invariant terms. Projective
invariance thus appears as a robust symmetry whose properties require further scrutiny.
In fact, it has been recently noticed [23] that ensuring that the action respects this
invariance is essential to avoid ghost-like degrees of freedom in Palatini theories of
gravity, which generically have second-order field equations.
4. Summary and discussion
In this work we have used the classical Schwarzschild solution to illustrate that the
metric and the Palatini versions of GR are not geometrically equivalent, which leads to
different physical implications and interpretations. While in the metric formulation the
Riemann tensor can be regarded as an observable associated to the (unique) Levi-Civita
connection of the metric, in the Palatini case the physical status of this tensor is more
subtle. In fact, the existence of an invariance associated to the connection implies that
the Riemann curvature tensor in the Palatini version is subject to an additional gauge
freedom which is not present in the standard metric approach. Exploiting this freedom,
we have shown that the problems in the Schwarzschild metric (1) at r = 2M are as
empty of physical significance as the blowup of the Kretschmann scalar at r = 0, since
both can be avoided by a suitable gauge choice of coordinates or of projective mode,
respectively. The freedom that projective symmetry allows in the Palatini version puts
forward that when the metric is not the foundation of all, the notion of space-time
curvature is more subtle than expected.
To conclude let us point out that, since projective transformations neither change
the form of the metric nor geodesic paths, they cannot cure the singular character of
the Schwarzschild solution, which is geodesically incomplete. Our analysis, however,
further reinforces the idea that the blowup of curvature scalars should not be seen as
the reason for the geodesic incompleteness on which the singularity theorems are based
[24, 25, 26, 27, 28, 29] (see [30, 31] for illuminating and in-depth discussions of the notion
of a singular space-time), as has been recently verified in some explicit counter-examples
in the Palatini formulation [32, 33]. In light of this, any argument based on the blowup
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of curvature scalars to estimate the scale at which quantum gravity effects are relevant
(see our introduction above) might be totally misleading if the underlying space-time
structure is not strictly Riemannian. A deeper understanding of this issue could help
envisage new strategies in the search of an improved theory of matter and gravity free
of the pathologies of the metric formulation of classical GR.
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